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The Heart of the 


Aeroplane 


The heart of the aeroplane is its engine . . . Aero engine 


development is as vital as that of new air-frames .. . 

Shining brightest of all is the Rolls-Royce Merlin which 
_ saved the world in the Battle of Britain two years ago 

and today, in ithproved form, is being built both in Great 


Britain and the U.S.4. 
Sunday Times, Sept. 20th. 
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of Lockheed success. 
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HYDRAULIC 


Crystal Analysis 


RYSTAL analysis is the scientific ap- 
4 proach to the atomic structure of sub- 
stances. The apparatus employed isan X-ray 
spectrographic camera which enables photo 
graphs of X-ray diffraction by crystals of 
magnesium to be made. The axis of the arm 
shown in the illustration continues down 
into the centre of a cylindrical chamber and 
on it is mounted the crystalline specimen. 
This is bathed in a monochromatic X-ray 
beam and a photograph of the diffraction 
pattern made by the reflected rays is taken 
on a film which lines the chamber wall. 
The application of the science of crystallo- 
graphy to the metallurgy of magnesium and 
its alloys has led to our present knowledge 
of the structure of the magnesium crystal, 
the number of phases which exist in the 
alloys, the orientation of crystals in worked 
material and measurement of internal 
stresses. 


The results of this research are constantly 

applied in practice. to maintain for 
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alloy industry. Lightest Leructural Metal 


MAGNESIUM “CASTINGS & PRODUCTS LTD SLOUGH 


. 
\ 
: 
> 
| 
kg 
UNITS 


viii JOURNAL OF THE ROVAL AERONAUTICAL SOCIETY 


SPECIALLY DESIGNED 
FOR SPECIAL JOBS 


Dagenite 
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ONS LTD. 


rams: BIRKETT, HANLEY. 
“Phone: STOKE-ON-TRENT 


The finest cored Solder in the world which is 
speeding up and increasing the efficiency of the 
War Effort. Firms engaged upon Government 


Contracts are invited to write for free samples. 


MULTICORE SOLDERS LIMITED, BUSH HOUSE, W.C.2.’PhoneTemp.Bar 5583/4 
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NO PRESSURE 
REGULATORS OR 
CUT-OUT VALVES 


NO ACCUMULATORS 


NO RELIEF VALVES 


The first real appreciation of the unique 
qualities of Aluminium Alloys was found 
in the production of Kitchen utensils. Since 
that day the applications of these light= 
weight metals have become increasingly 
varied and diverse. In this twentieth 
century development we have kept in the 
van, adapting our product to the needs 

of its: users, our system of production 
being standardised * only for quality. 

For we produce Aluminium Alloys for 

every conceivable Purpose... Tomorrow, 


t a th d other things it will 


be for the new labour saving appliances 


for the canteen and domestic kitchen. 
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Revolutionises Hydraulic Installations 
DOWTY EQUIPMENT LIMIT S.A 
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INTERNATIONAL ALLOYS LIMITED. 
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abrasion. 
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<ualified engineers will 
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A. V. ROE & CO., LIMITED 
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ESTERDAY it may have 
N yy been so—but new develop- 


workability 


ments in technique have made 
possible the production of high 
strength forgings of extremely com- 
plicated design, yet manufactured 
very close to final 
They are economical both 
material and in machining time. 


dimensions. 
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HIDUMINIUM Aluminium 
Alloys, together with their high 
strength/weight ratio, makes them 
essential materials for the post- 
war development of many indus- 
tries. If you are at present using 
aluminium alloys, or if your future 
planning envisages their use—the 
Development Department will be 
pleased to send you further details. 
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SPECIALISTS IN 


JIGS & FIXTURES 
PRESS TOOLS 


& 
AIRCRAFT 
ASSEMBLY JIGS 
and 
REFERENCE 
GAUGES 


HEAT TREATMENT 
carried out 
FULLY A.1.D FOR THE TRADE 


APPROVED 


TRADE MARK 


ACRYLIC RESIN SHEET 


%& Retains its strength and does not 
become brittle at low temperature. 
At- 40°C. (24,000 ft.) its impact | 
a is greater than at ground 


%& Its highclarity is retained in intense 
sun and ultra-violet light. 


‘PERSPEX’ is the perfect trans- 
parent material for aircraft 


1.C.1 (PLASTICS) LTD. | 


(A_ subsidiary company of 
Imperial Chemical Industries Ltd.) 
Sales Offices at: Mili Hill, London, N.W.7; | 
Oldbury, near Birmingham; Alderley Edge, | 
Cheshire ; Bristol; York; Newcastle-on-Tyne ; 


Glasgow; Belfast. 
CHARLES WESTON & Co. Lid., COVENTRY 
Telegrams“ Gitseals.”” Coventry. i Tilehilt 6629-2 
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it is the meticulous care in design and manufacture by 
highly skilled operators in conjunction with continual 
checking, testing and proving at every stage that makes 
Gitseals so dependable. You will be following the lead 
of design executives and chief engineers and you will 
ensure longer life for all bearings. Gitseals can be 
supplied split and in other formations. 


Manufacturers also of the 
WESTON RETAINER 


suitable for any peripheral speed up to 500 feet per minute 
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The varying density of. 

the JABLO Blade, from 
1,30 near the root to 0.9 
nearer to the tip, is made 
possible by the unique 
method of construction, 
and is in accordance with 
both. strength and aero- 
dynamic requirements. 
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limbs, so t e skill our  depatbiies restores 
broken and ‘mutilated Weybridge Blades. They 
return to active again and again, 
are always: shaped and balanced 
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BLADES 


THE ACE OF BLADE 


THE AIRSCREW COMPANY LTD. 
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The importance of strength 
plus resistance to corrosion 
can hardly be overestimated 
in the case of wire. 
Inaccessibility and difficulty 
of replacement in key 
situations are often found, 
and wire is one of the forms 
of ‘‘Staybrite’’ Steel in 
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hitherto difficult problems 
is provided. 
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MONTHLY NOTICES, 
JANUARY, 1943. 


New Year Message. 


The President and Council offer their good wishes for the coming year to all 
members, here or overseas, with the hope that they will come safely through the 
struggle which is ahead. 


Council Election. 


Attention is drawn to the following Rules for election of Council. Nominations 
for Council should be received by March 3rd, 1943. Nomination forms may be 
obtained from the Secretary. Attention is drawn to possible delays in the post 
at the present time. 


RULE 17.—One half of the Council (excluding the President and the immediate 
Past-President if a member of Council) shall retire annually. The 
members who shall retire shall be those longest in office, except 
as provided in Rule 77. Retiring members of Council who have 
served for two terms in succession (four years) shall not be 
eligible for re-election until the next annual election, when they 
will be eligible. 

RULE 72.—The composition of the Council shall be as follows :— 

(a) Not less than sixteen shall be elected from the technical or scientific 
grades of the R.Ae.S., that is to say, from among the Fellows, 
Associate Feliows, Associates and Graduates. 

(b) Of these sixteen, four at least shall be Fellows. 

RULE 73.—-Nominations of candidates for election to the Council must be 
received by the Secretary not less than twenty-one days before 
the Annual General Meeting, with an intimation in writing by the 
Candidates that they are willing to serve. Nominations must be 
signed by one supporter and two seconders, who must be each 
entitled to vote in the R.Ae.S 


Endowment Fund. 


The Council acknowledge with thanks contributions to the Endowment Fund 
from Warrant Officer J. V. Saunders, Associate Fellow, and Mr. J. C. Stevenson, 
Associate Fellow. 


Advertisements. 
The fact that goods made of raw materials in short supply owing to war 


conditions, are advertised in the Journal, should not be taken as an indication 
that they are necessarily available for export. 
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Annual Subscriptions. 


Members are reminded that their subscriptions are due on January Ist, 1943. 
The following are the current rates :— 


Home. Abroad. 

Founder Members ... 2 2 0 2. 2. <0 
Fellows 4 4.0 40) 
Associate Fellows 330 220 
Associates 2 “2 2 @ 
Graduates (age 21-25) 2 0 22 0 
(age 26-28) 20 6 212 6 
Companions .. 22.0 2 2 0 


* £1 1s. od. without JouRNAL. 
All those members who have relinquished their Journal have been notified of 
the reduction in their subscriptions due on January Ist, 1943. 


Election of Members. 


Associate. Fellows.—teslie William Andrews (from Graduate), Geoffrey 
Burton Crosby, Leonard Sidney Greenland, Archibald Louis Harriss, 
Andrew Keith Hunter (from Graduate), Gustav Andrzeji Mokrzycki, 
William Poole. 

Associates.—Christopher Henry George Bartlett Barnes, William George 
Brinn, Robert George Burgess, Albert Leonard Cattermull (from 
Student), Frank Dennis Collyer, Leslie William Dixon, George 
Christie Hindmarch, George Frederick Mason, Stanley Francis 
Potter (from Companion), Isaac Eyton Roberts, William Edwin John 
Smith, Denis Heaton Thorns. 

Graduates.—David Cardwell, Leslie Arthur Hopkins, Raghunath 
Shamrao Khot (from Student), Alfred Stanley Taylor (from Student), 
Arthur Frederick Toe (from Student), Cyril Francis Trigg (from 
Student). 


Companions.—Donald Diamond (from Student), Paul Steiner, Joseph 
Douglas Whitell (from Student). 


Students.—John William Adams, Connell Frederick Bee, David Glenn 
Boadle, Colin Morris Britland, Maurice Reginald Chantrill, James 
Frederick Creckendon, Mansel Edward David, William Devon 
Doble, Kenneth Essex-Crosby, Austin Roy Fox, Norman Grosvenor 
Garner, Arthur Sydney Garwood, William Bell Gosney, Joseph Cyril 
Guttridge, William Geoffrey Heath, Charles Roger Heaton, Arthur 
William George Hersee, Dennis Stanley Houghton, Rolf Frederick 
Marshall, William Stanley Donald Marshall, William Henry Mayall, 
Jiri Mraz, Bernard George Neal, Harold George Newbigin, Edward 
James Oag, Ian Philip Osler, Thomas Stuart Parramore, William 
Frodsham Pritchard, Elmer Protheroe, Gordon Rymer, Eric Smith, 
Henry Lambert Garbutt Sunley, Peter George Tranter, Harry Tyler, 
Gregory Frank Webb, Robert Murdock Wilson. 


Craduates’ and Students’ Section. 

Members of the Graduates’ and Students’ Section are invited to the following 
lectures arranged by the Graduates’ and Students’ Section of the Institution of 
Automobile Engineers, 12, Hobart Place, S.W.1 :— 


Sunday, January roth, 1943, at 2.30 p.m.—Informal Talk by Mr. L. Pomeroy 


oe 


on The Aerodynamic Car.”’ 
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Sunday, February 14th, 1943, at 2.30 p.m.—Paper by Mr. E. S. Crillo on 
Drawing Office Practice.”’ 

Sunday, March 14th, 1943, at 3.0 p.m. 
The Gearbox.”’ 

Sunday, April 11th, 1943, at 3.0 p.m.—Informal Talk by Mr. L. Mantell on 
‘* The Practical Aspects of Thermal Efficiency.”’ 

Sunday, May 16th, 1943, at 3.0 p.m.—Informal Talk by Mr. D. H. Bramley 
on ‘* Works Organisation.”’ 


Additions to the Library. 
Pamphlets in italics with location reference following in brackets. 
Books marked * or ** may not be taken out on loan. 

B.a.272.—Sea-Flyers. By C. G. Grey. Faber and Faber. 1942. 7/6. 

*D.a.C.19.—Civil Aviation Statistics (Canada). March, April, May, 1942- 
Dominion Bureau of Statistics, Ottawa. 

*EE.b.67 and 68.—Ministry of Aircraft Production, Official Reports: B.M.W. 
132K (1) and 132N Engines; Bramo Fafnir 323-P-1 Engine and Installa- 
tion. 1942. (Y.3.ili, 9/10.) 

*G.b.44.—S.B.A.C. Standards Handbook, Vol. III. Society of British Aircraft 
Constructors. 1942. 

G.a.A.84.—Northern Aluminium Co., Ltd., Research and Development 
Bulletin. The Mechanical Testing of Aluminium and Aluminium Alloy 
Products and its Bearing on Working Properties. 1942. 

G.e.20.—Beryllium-Copper. By L. David. Beryllium Smelting Co. 1942. 
(PG.3.b. 10.) 

G.e.E.57.—Lecture on Rust-, Acid- and Heat-Resisting Steels. By Dr. 
W. H. Hatfield. (Given before the Institute of Chemistry, May 20, 
1942. Reprint.) (PG.6/18.) 

I.a.30.—Aircraft Calculations. By S. A. Walling and J. C. Hill. (2nd 
edition of ‘* Aircraft Mathematics.’') Cambridge University Press. 
1942.  3/-. 

L..d.81.—Numerical Examples in Elementary Air Navigation. By G. K. 
Clatworthy. (znd Ed.) Sir Isaac Pitman and Sons. 1942. 3/6. 
L.d.82.—The Complete Air Navigator. By D. T. C. Bennett. (4th Ed.) 

Sir Isaac Pitman and Sons. 1942. 15/-. 

L..d.83.—Astronomical Navigation. By W. M. Smart. Longmans, Green 

and Co. 1942. 5/-. 


Paper by Mr. J. H. Millward on 


M.c.61.—Aircraft Radio. By D. Hay Surgeoner. Sir Isaac Pitman and 
Sons. 1942. 15/-. 

N.a.74.—Sub-Atomic Physics. By Herbert Dingle. Thos. Nelson and Sons. 
1942. 5/-. 

N.a.75.—Abstracts of Dissertations approved for the Ph.D., M.Sc. and 
M. Litt. Degrees in the University of Cambridge (1940-1941). University 
Press, Cambridge. 1942. 

*Q.a.145.—Handbook of British Standards, July, 1942 (with October Supple- 
ment). British Standards Institution. 1942. 1/6. 

*Q.a.146.—A.S.L.1.B. War-Time Guides to British Sources of Specialised 
Information. No. 4. Scientific and Technical Periodicals received from 
the U.S.S.R. 

**R.f.81.—America Fledges Wings. (The History of the Daniel Guggenheim 
Fund for the Promotion of Aeronautics.) By Reginald M. Cleveland. 
Pitman Publishing Corp., N.Y. $4.50. 1942. 


« 
3 
: 


MONTHLY NOTICES. 


S.b.116.—What’s the Gen? (R.A.F. Slang illustrated.) By ‘* H.W.” 

John Crowther. 1942. 1/3. 

S.d.79.—Air Defence and the Civil Population. By H. Montgomery Hyde 

and G. R. Falkiner-Nuttall. Cresset Press. 1938. 3/6. 

T.a.102.—Cesar of the Skies. (The Official Life of Sir Charles Kingsford- 

Smith.) By Beau Sheil. Cassell and Co. 1937. 8/6. 

TT.a.39.—Ssh! Gremlins! By ** H.W.’’ John Crowther. 1942.  2/-. 
*UU.c.—National Advisory Committee for Aeronautics (U.S.A.): Technical 
Memoranda :— 

No. 1030. The Compressible Potential Flow Past Elliptic Symmetrical 
Cylinders at Zero Angle of Attack and with no Circulation. (From 
Luftfahrtforschung, Sept., 1941.) W. Hantzsche and H. Wendt. 

No. 1032. Heat Transfer in the Turbulent Boundary Layer of a Com- 
pressible Gas at High Speeds. F. Frankl; and Friction in the 
Turbulent Boundary Layer of a Compressible Gas at High Speeds. 
By F. Frankl and V. Voishel. (C.A.H.I. No. 240, 1045.) 

*WB.21.—Journal and Proceedings of the Royal Society of New South Wales. 

Vol. LXXV, Part IV (1941). 

J. Laurence Pritcuarp, Secretary and Editor. 


4 
In 
fa 
ta 
ur 
of 
of 
na 
of 
of 
. 
in 
ch: 
fur 
cal 
to 
dy 
cir 
bet 
im] 
bas 
sin 
ady 
aer 
of 
det 
asp 
the 
Svy 
of 
atte 
forc 
i 
qua 
dete 
: mea 
Tun 
desc 


‘* DYNAMIC STIFFNESS AND EFFECTIVE INERTIA METHODS IN 
MODERN TORSIONAL VIBRATION THEORY.”’ 


By R. G. Maniry (Student Member). 


INTRODUCTION, 

The chief aim of the vibration engineer is to prevent the occurrence of structural 
failure due to excessive vibration. A secondary aim of only slightly less impor- 
tance is to ensure comfort for personnel by the elimination of physiologically 
unpleasant vibrations; this consideration is a vital factor in the effective design 
of operational aircraft. The technique of vibration research is largely a matter 
of detecting and avoiding resonant conditions, and any method of predicting 
natural frequencies by calculation is welcome if only because it offers the possibility 
of reducing the practical testing programme. 

Torsional motion in the engine/propeller system gives rise to one of the most 
troublesome forms of vibration encountered in aircraft, but fortunately this type 
of oscillation is easily studied with the aid of the concepts of dynamic stiffness 
(** mechanical impedance *’) and effective inertia. The latter has been utilised, 
in its simple form, for many years; it was not until the dynamic stiffness 
characteristics of torsional systems had been investigated, however, and the 
fundamental relation between the two quantities derived, that the technique of 
calculating the torsional natural frequencies of aircraft power-plants was brought 
to maturity and could be applied to the highly developed modern combinations. 

it is not clear to,whom is due the credit of discovering the properties of 
dynamic stiffness. The quantity is loosely analogous to the impedance of electric 
circuits, and the author has described elsewhere (reference 11) a precise analogy 
between mechanical vibrating systems and electric circuits; the term ‘‘ mechanical 
impedance ’’ was used in 1919, and the method of torsional vibration analysis 
based on this quantity has been utilised by the de Havilland Aircraft Company 
since 1939, but Biot (reference 10) was the first to give effective publicity to the 
advantages of the method. Since the publication of his paper in 1940 the British 
aero-engine manufacturers have almost universally adopted the technique. 

In this paper an attempt is made to give a brief but comprehensive discussion 
of these concepts so as to provide in one place a key to the complex problem of 
determining the resonant frequencies of engine/propeller systems; different 
aspects of the problem have been discussed in widely scattered references, and 
the present. work is intended to unify these partial solutions into a rational whole. 


SumMMARY. 


Dynamic stiffness and effective inertia are formally defined, and the application 
of the concepts to linear and damped systems indicated. Confining further 
attention to undamped torsional motion, since in practice the effects of damping 
forces cannot be determined quantitatively, the problem of determining natural 
frequencies is reduced to that of finding the frequencies for which certain 
quantities, which are functions of the dynamic constants, are zero. Methods of 
determining these quantities are described, including the practical method of 
measuring the dynamic stiffness of propellers and methods of calculating the same 
yuantity for engines, with or without the complications of heavy shafts or gearing. 
Tuning inertias and systems are discussed, and the text concludes with a brief 
description of five applications where the method has been found to be particularly 
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effective. In the appendix is given a proof of the theorem that the number 
of real distinct natural frequencies of a torsional system is equal to the number 
of degrees of vibrational freedom. 


T. Forman Derinition or Dynamic STIFFNESS AND EFFECTIVE LNERTIA. 

Confining present attention to undamped torsional systems, consider such a 
system performing torsional vibrations under the action of a single sinusoidal 
torque applied at a point P. Let the torque be T=T, sin wt, and let the resulting 
angular displacement at P be «=~ , sin wt,* so that the frequency F of vibration 
is given by F=w/2z C.P.S., w being the phase velocity in radians per second. 
The ratio T/x=T, x, is defined to be the dynamic stiffness of the system at P 
for the frequency F, and is denoted by Z,, or more simply by 7 if there is no 
ambiguity. Since the static stiffness of a shaft is defined to be the amplitude of 
transmitted torque required to produce unit twist in the shaft, Z is seen to be a 
precise dynamic analogue of the static stiffness, and the name ‘‘ dynamic stiff- 
ness ’’ is therefore to be preferred to certain other terms such as ‘‘ mechanical 
impedance ’’ and ** dynamic modulus.”’ 


je, . : (1.1) 


or, in words, the dynamic stiffness for a frequency F at a nest Pina ne ie 
system is the amplitude of the torque which must be applied at P to produce at P an 
angular displacement of unit amplitude and frequency F. The reciprocal 1/Z, is 
called the dynamic flexibility (or ** admittance *’), and is a measure of the response 
of the system to a single sinusoidal torque applied at P. Thus if the dynamic 
stiffness is greater at a frequency F, than it is at a frequency F’,, so that the 
flexibility is less at F’, than at F’,, the displacement-amplitude for a given applied 
torque at the frequency F’, will be less than at F,. 

It is easily seen that Z is a function of the frequency ; for the natural frequencies 
of the system are those frequencies at which a sinusoidal motion can be main- 
tained, in the absence of damping forces, without any external applied torque, 
so that for these frequencies, and these frequencies alone, the dynamic stiffness 
at any point in the system is zero (see note at end of section IIT). 

Similarly, if the acceleration at P is a=a, sin wt, the effective inertia at P for 
the frequency F=w 22 C.P.S. is defined as the ratio T,/a,=T/a, and is denoted 
by J,. 


Since a=a2=—v?r, sinwt, there is a fundamental relation ‘ina Z and J, 
for any value of w, which can be expressed thus :— 


Il. Linear anp Damprep SYSTEMS. 


Precisely analogous expressions can be derived for the dynamic stiffness and 
effective mass of linear systems of the conventional spring-plus-mass_ variety. 
In the engineer’s system of measurement the appropriate units for torsional motion 
are Ibs. ins./radian for dynamic stiffness and lbs. ins. secs.” for effective inertia, 
and in linear motion the units are Ibs./in. for dynamic stiffness and Ibs. ins.~! secs.? 
for effective mass. 

The concept can also be extended to systems including damping forces. In 
such cases the dynamic stiffness cannot be zero at any non-zero frequency, since 
an external applied torque is always required to supply the energy dissipated. 
The extension of the theory to damped systems has been described elsewhere 
(reference 1); it is sufficient to state here that the displacement corresponding to 
a torque T=T, sin wt is of the form s=2, sin (wt+), where @ is non-zero, and 
that the dynamic stiffness ratio T,/x, is a minimum for resonant frequencies. 


* Where xo may have either sign, according as the displacement is in-phase, or 180° out-of- 
phase, with the torque. 
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The characteristics of damped systems are of little importance in theoretical 
studies, except when it is required to calculate finite displacement-amplitudes and 
stresses ; for such calculations the damping forces cannot be neglected, but with 
modern instruments and testing technique it is seldom necessary to rely upon 
calculated amplitude and stress values. In any —_ two considerations limit 
the usefulness of caiculations involving damping forces: (i) It is extremely difficult 
to determine the magnitude of the damping forces w hich are present in a system, 
and (ii) the theoretical assumption that such forces are proportional to aoe 
which is necessary in order to obtain a mathematical solution, is not justified i1 
practice. The conclusions drawn from any theoretical analysis based on ties 
assumption can only be used qualitatively; i.c., the general effects of damping 
upon dynamic stiffness characteristics can be determined (see reference 1), but 
precise quantitative conclusions cannot be drawn. Actual strain-gauge tests 
provide the only reliable method of determining vibration stresses 

It is by a consideration of the dynamic stiffness properties of ane systems 
that it is possible to establish an analogy between mechanical vibrating systems 
and electric circuits. This analogy is described elsewhere (reference 11). 


III. Natrcurat FREQUENCIES AND CoUPLED SystTEMs. 

The determination of the natural frequencies of an undamped system is equiva- 
lent to finding those frequencies for which the dynamic stiffness or effective inertia 
at any point is zero. Consider the system shown in Fig. 14, consisting of two 
sub-systems A and B coupled at P. Let the dynamic stiffnesses of the two 
systems separately at P be Z, and Z,, and let the torques at P required to produce 
an angular displacement 2 at P be T, and 7, in the same sense. Then 


=Z 2, = 


D 
@ 


FIG. 1; 


Twice full size. 


The natural frequencies of the combined system are those at which the total 
applied torque (7,+T7),) required to maintain the finite displacement a is zero. 
Hence 

Z,+Z,=0 at natural frequencies (3-1). 
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Methods of determining the dynamic stiffnesses of systems are described below 
(section IV). If the dynamic stiffnesses of two coupled systems such as A and B 
in Fig. 1 are known functions of the frequency, the natural frequencies of the 
combined system are easily determined by (3.1). It is only necessary to plot 
Z, and —Z, on the same axes and to note the frequencies corresponding to the 
intersections of the two curves (reference 2). This procedure is of immense utility 
in the treatment of vibration troubles in aero-engine/propeller systems, wherein 
it is possible to calculate the dynamic stiffnesses of the engine and propeller with 
reference to the propeller hub; the method of intersections then determines 
natural frequencies, and the effects of modifying either part of the system are 
easily ascertained. 

By reason of the relation (1.3) the condition (3.1) for natural frequencies can 
be expressed in terms of effective inertias. Thus if J, and J, are the effective 
inertias of A and B at P, 

J,+J,=0 at natural frequencies : (3.2) 
Consider now the system shown in Fig. 1c, consisting of two sub-systems A and 
B coupled by the shaft (1)-(2). Let the dynamic stiffnesses of A at (1) and B at 
(2) be Z,, and Z,, as shown, and let the displacements at (1) and (2) be v7, and a@,. 
Suppose that the part B is removed, and a torque T is applied at (2). The shaft 
transmits this torque to (1), and if K is the stiffness of the shaft the following 
equations are obtained :— 


T=K (2,—2,) 
T=Z,,2, 


where Z,, is the dynamic stiffness of A-plus-shaft at (2). From these equations 
it is found that 


1/Z,,=1/Z,,+ 1/K ; (3-3) 

The condition for natural frequencies of the combined system is Z,,+Z,,=0, 

The equation (3.2) is convenient when the points in the ichicepecunes at which 


the dynamic stiffnesses are known coincide in the combined system, but (3.4) is 
easier to apply when these points are separated by a shaft as in Fig. 1c. For 
such cases it would also seem advantageous to make use of the reciprocal quantity 
(dynamic flexibility), but in actual practice there is little to choose between the 
two quantities Z and 1/Z, and employment of one or the other is merely a matter 
of personal preference. 


Note. 

It is not immediately apparent that if the dynamic stiffness at a point P in a 
system is zero, then the dynamic stiffness at any other point Q is also zero. The 
result can however be proved. In the system of Fig. 1d let Z, and Z, be the 
dynamic stiffnesses of the systems to the left of P and to the right of Q respec- 
tively; and let the transference formula connecting dynamic stiffness at P and 


be 


so that Z, is given in terms of Z, by the inverse functional form 
where, no matter what the value of y may be, 
Now, if the dynamic stiffness at P is zero, 
(Zy)= 


so that 


f-' (Z,) +f? [f 
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This last equation, by reason of (3.7), reduces to 


(2,)=0 
i.€., Zg=0. 


IV. DETERMINATION OF DyNAMIC STIFFNESS. 
(a) PracticaL 


Torsional dynamic stiffness can be measured practically by means of a torsional 
vibrator. This apparatus consists of a shaft, provided at one end with a means 
for attaching the torsional system whose dynamic stiffness it is required to find, 
and driven from the other end by an exciter unit which is designed to apply a 
sinusoidal torque of variable frequency. Built into the shaft is a torque-gauge 
which measures the twist in a certain length of the shaft and so indicates the 
transmitted torque, and a torsiograph is attached at the coupling pcint to measure 
the torsional displacement amplitude. The required dynamic stiffness can be 
obtained directly from these two sets of observations over a frequency-range 
limited only by the design of the vibrator. A description of the theory and design 
of the exciter unit is given in reference 3. 

The method as described is admirably suited to the task of determining the 
dynamic stiffness of aircraft-propellers, since the hub is easily mounted on an 
adaptor and attached to the exciter-shaft, and a torsiograph can be fixed on 
the front of the hub; the hub is sufficiently rigid to render it immaterial whether 
the displacement at front or rear of the propeller is measured. The method is 
not readily applicable to aero engines, but fortunately the torsional characteristics 
of these structures can easily be calculated to the required degree of accuracy 
(see below). 


(b) MetHops oF CALCULATION. 


There are three methods of calculating the dynamic stiffness of systems 
consisting of concentrated inertias and effectively light shafts, i.e., in which 
there is a number of inertias, rigid in comparison with the shafts connecting 
them, and the shafts have polar inertias which are small compared with the 
concentrated inertias. The first two methods to be described are useful in certain 
applications, while the third is the ‘‘ standard ’’ frequency-tabulation or torque- 
summation method. 

The determination of the inertias and shaft stiffnesses of the idealised system 
representing the actual engine is a matter which lies outside the scope of the 
present paper; a very full description of the methods employed is given by 
Ker Wilson (reference 12). 


($1) PartiaL Inertras; Dynamic STIFFNESS CURVES. 
Consider first the two-mass system shown in Fig. 2. If the inertias are 


measured in Ibs. ins. secs.” and the shaft stiffness in Ibs. ins./radian, the phase 
velocity w in radians/second at the natural frequency is given by 

w=K (J,+d,)/J Jo. 
Suppose the inertia J, is divided into two parts, H, and I,, the partial inertia H,, 
being such that the natural frequency of the partial system J,—(K)—H, is 
C.P.S. Then 

(J,+H,)/J,A, 
and 

i 

The system can be regarded as consisting of two parts: (i) The partial system 
J,—(K)—H, which is vibrating at its own natural frequency, and thus has zero 
effective inertia at any point, and (ii) the remaining inertia [,. The effective 
inertia of the system at J, is therefore J,. The condition J,=o0 leads back 
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immediately to the normal expression for the natural frequency of a two-mass 
system, but the method admits of extension to multi-mass systems. For example, 
in the system shown in Fig. 3a let 

J,=H,+1,, J,=H,+1;,, J,=H,+1,. 
H, is given by (4.1), and at the frequency 13,500 C.P.M. (for which w?=2 x 10° 


radians*/secs.”*), 


J; 
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(The stiffness values quoted in the diagram are in the units: Ibs. ins./microradian, 
and must be multiplied by 10° before being used in the formula 4.1.) Now 
choose H, so that the partial system /,—(K,)—H, has a natural frequency of 
13,500 C.P.M. (i.e., w* has the same value as for the partial system J, —(K,)—H.,). 
Then 
H,=K,I,/(w?l, — K,)=0.280 

=J, 

and similarly [,=1.049. 


The system can be regarded as consisting of two parts: (i) The partial system 
J,—J,—J,—H,, which is vibrating at one of its natural frequencies, and thus 
has zero effective inertia at any point, and (ii) the remaining inertia J,. The 
effective inertia of the system at J, for 13,500 C.P.M. is therefore 
1.049 lbs. in. secs.*, and the dynamic stiffness is given by (1.3) as — 2.098 x 10° 
Ibs. ins./radian, or — 2.008 Ibs. ins./microradian. 

In a similar manner the dynamic stiffness at J, can be found for other 
frequencies, and a curve drawn of Z against frequency. The approximate form 
of this curve, for the system of Fig. 3a, is shown in Fig. 3b. In practice the 
computation is readily tabulated in a concise form, and slide-rule accuracy is 
usually sufficient, although access to an automatic calculating machine naturally 
facilitates speedy working. 

Apart from numerical applications, the method of analysis just described 
enables the two fundamental principles of the theory of multi-mass systems to be 
demonstrated, namely, (i) that any pair of adjacent inertias move either in-phase 
or 180° out-of-phase in the absence of damping forces, and (ii) that the resonant 
frequencies of lightly-damped systems are very nearly equal to the natural 
frequencies calculated on the assumption of zero damping. ‘The proofs are given 
in reference 4. 

The shape of the curve in Fig. 3b is typical of effective inertia or dynamic 
stiffness curves, in so far as zero values and infinite discontinuities occur alter- 
nately as the frequency is gradually increased from zero to a large positive value. 
Biot has pointed out (reference io) that this property is inherent in the mathe- 
matical nature of the quantities. It is also worth noting that the curve is 
determined completely when the frequencies for which Z is zero and those for 
which Z is discontinuous, and the total inertia of the system, are known. The 
system of Fig. 3a, for example, possesses seven dynamic constants (four inertias 
and three stiffnesses) which can be varied, and the dynamic stiffness curve is 
therefore completely specified by seven independent quantities; these are con- 
veniently taken to be the three values of F for which Z is zero, the three for 
which Z is discontinuous, and a scale-factor for Z. The dynamic stiffness curve 
approximates to the form Z=—J,uw? for very high frequencies; the effective 
inertia curve approximates to the asymptotic line J,=J, for very high frequencies, 
and to the line J.=SJ=J,+J,+J,+J, for very low frequencies. Since this last 
quantity is independent of the reference point it is conveniently taken to determine 
the scale-factor. Biot (loc. cit.) has given a formula expressing the dynamic 
stiffness at any frequency in terms Of these quantities. 

As a point of practical procedure it is worth while mentioning that if one or 
two points on either side of a discontinuity are known, the precise value of F 
for which Z becomes discontinuous can easily be determined, sincé this is the 
same condition as making 1/Z zero; if 1/Z is plotted in the immediate neighbour- 
hood of the discontinuity in Z, the corresponding frequency value is indicated 
quite accurately, as the curve of 1/Z is continuous in this region. 


($2) TRANSFERENCE FoRMUL#. 


In Fig. 4 the dynamic stiffness Z, of the system to the right of the inertia J 
is known, and it is required to find the dynamic stiffness Z, of the system to 
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the right of the point (2) which is-immediately to the left of J. Since the inertia 
is supposed rigid, the displacement at (2) is the same as that at (1); let it be x. 
The torque 7, which must be applied at (1) to produce this displacement is 
Z,x, while the torque T, which must be applied at (2) to produce the displacement 
x is T,—Jw*r, as the differential torque T,—T, maintains the acceleration 
—u*r of the inertia J. Since Z,=T,/r the relation follows :— 


The corresponding formula for transferring the reference pada through a shaft 
of stiffness K has already been given (3.3) and is repeated here for convenience :— 


Fia. 


By alternate use of the transference formule the dynamic stiffness of a multi- 
mass system is obtained. Applying the method to the system of Fig. 31, 
denoting dynamic stiffnesses at points to the right of inertias by Z,, etc., and 
those at points to the left of inertias by Z,', etc., and for convenience expressing 
all stiffnesses in Ibs. ins./microradian, the working is as follows :— 


At 13,500 C.P. (w*=2x 10°), since Z,=-0 and J,=2, Z,'/=--4; but 
Z, = K,Z,'/(K, + Z,'), hence Z, = — 4/ — 3 = 1.333. Similarly, Z,! = — 4.667, 
Z, = — 2.333 and eventually it is found that — 2.008 


Ibs. ins./microradian as before. 

Gear-steps, such as the reduction gear between an aero-engine and the propeller, 
can be dealt with by this method (see $5 below), and the method provides the 
only satisfactory means of the natural frequencies of systems 
including heavy shafts (see $4 below). 


($3) Frequency (Torque Summation) 

The standard method of determining the dynamic stiffness of multi-mass systems 
is by means of frequency tables, or ‘‘ torque summation.’’ For simplicity con- 
sider the system already investigated, Fig. 3a, and suppose it to be vibrating 
under the action of a torque T applied at J,. Let the displacements of the inertias 
be z,, etc., and let the torques transmitted in the shafts be 7,, etc. Then 


T,=K, (x,—a,), and since this torque is maintaining the acceleration —w?,r, 
of the inertia J,, T,=—J,w?x. Denoting the twist (7,—2,) in the shaft A, 
by d,, 
Similarly 
T.=K, (x,—2.), and T,—T,= —J,wz,, 
so that 


Ky. 
Proceeding in this manner the displacement x, can be calculated, and the total 
torque which must be applied at J, to maintain this displacement is 
T= —u? (J 4+ +4 ,2,)- 


The dynamic stiffness Z at J, is then given by Z=T'/z,. 
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TaBLeE I. 
FREQUENCY TABULATION FOR SysTEM oF F1a. 3a. 
10°. 


Inertia ref. J Jw? Jwx Jwx K d 
I 2 4 I 4 4 I 
2 3 6 —3 —18 —14 0.5 — 28 
2 2.5 5 25 125 Tor 0.75 
4 1.5 3. 123 — 369 258 
Z= — XJ /x,= — 258/123 = — 2.008 (Ibs. ins./microradian). 


The computation for F=13,500 C.P.M. is given in Table I. It is usual and 
convenient to give unit value to #,, since this quantity is merely a multiplier 
throughout. Besides enabling the dynamic stiffness to be calculated, the table 
gives the ** swinging form ’’ or deformation shape in the a column, and also the 
transmitted torques in all the shafts in the column headed ‘‘ SJw?2.’’ This 
data is of interest to engine designers, and in this respect the frequency tabula- 
tion method is superior to the other methods described. It should, however, 
be noted that it is quite possible to determine the swinging form and torque 
variation by the method of partial inertias (reference 5). It should also be noted 
that for convenience the factor 10° is dropped, since it. is common to the value 
of w* and to the stiffnesses, but it must be remembered that the resulting value 
of Z is given in Ibs. ins./microradian. 


Heavy Suarts. 

When the torsional system includes one or more heavy shafts—i.e., shafts 
whose polar moments of inertia cannot be regarded as negligible in comparison 
with the concentrated inertias—the only satisfactory method of determining the 
dynamic stiffness is by means of the transference formule (4.2) and (4.3), together 
with a similar formula for transference of the reference point through a heavy 
shaft. By normal mathematical analysis it can be shown (reference 6) that :— 

CZ, = —cot y + (cosec (cos y— CZ, sin y) (4.4) 
where :— 
Z, and Z, are dynamic stiffnesses at either end of the shaft, 
Z, including the shaft, in Ibs. ins./radian. 
=wLy(D/G), C=LGly, w=22X (frequency in C.P.S.), 
L=length of shaft in inches, 
D=density of material of shaft in Ibs. ins~* secs.’, 
G=shear modulus of material in Ibs./in.?, 
y=polar second moment of cross-sectional area in ins.* 

The formula (4.4) refers only to uniform circular shafts, but subject to that 
condition can be used in piace of (4.3) to transfer the reference point through 
the heavy shaft. 

($5) GEARING. 

The presence of a gear-step in the system necessitates modification of the 
methods described above. The system may be treated in its original form by 
either the transference method or the frequency tabulation; alternatively the 
system can be ‘‘ reduced ’’ to a single shaft speed and then treated by either 
method. 

(i) TRANSFERENCE METHOD. 

Suppose that the dynamic stiffness Z, of the system to the right of the point FP 
in Fig. 5a is known; it is required to find the dynamic stiffness Z, at the point Q 
(i.e., at the centre of the gear-wheel but excluding the wheel and all that lies 
to the left of it). Let the gear-ratio be n: 1; in the case of aircraft installations 
n is less than unity, as the crankshaft speed is greater than the propeller-shaft 
speed. Using subscripts P and Q to denote the reference points, 
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and since 
Zg=nzp, and T,=T,/n, . (4.5) 
it follows that 
Now suppose the system to be that shown in Fig. 5), where the inertia J, 
of Fig. 3a has been replaced by a gear step, the gear ratio being 0.4:1. Using 
expressing all stiffnesses in Ibs. ins./microradian, and taking 


the notation of £2, 
a frequency of 13,5co C.P.M., from $2 


Zp=0.902, hence Z,'=Z,—Jpu* = — 0.008, 


Zy =Z,! /n? = —0.098/0.16= — 0.6125, 
Ly! =Zy — Jw? = — 3.6125. 


The dynamic stiffness Z, at R, the remote end of the propeller shaft, is given 


by (4.3) as 
Ky! (Zy' + Ky) =0.2117. 
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FIG. 5. 
(ii) Frequency TapcLation METHOD. 


The relations (4.5) can be utilised in the frequency tabulation method. The 
computation is given in Table II for F=13,500 C.P.M. The first three rows, 
and the r-value in the fourth row, are the same as in Table I. With J,=0.5, 


TaBLeE II. 
Frequency FOR System oF Fic. 5b. 


Inertia ref. J Jw x Jwx = Jw2x K d 

I 2 4 I 4 4 I 4 
2 3 6 —3 —18 —14 0.5 — 28 
3 25 5 25 125 111 O75 148 
P 0.5 I —123 —123 —12 - -- 
3 -49.2 —147.6 —177.6 0.2 — 888 
— — 838.8 


—(—177-6)/838.8=0.2117 (Ibs. ins. microradian). 
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Jpw*=1.0, and the fifth and sixth columns of that row can be filled in. The 
entry --12 is the total torque at the pinion, and this figure is divided by n (=0.4) 
to give the equivalent torque at the wheel, while the amplitude value 2)= — 123 
is multiplied by n to give the amplitude at the wheel (— 49.2). The table can 
therefore be completed, and it will be seen that the resuit agrees with that 
obtained in (i) above. 


1) RepvucTion To SINGLE REFERENCE SHAFT. 

To reduce the system to a single reference shaft, the inertias and shaft stiff- 
nesses to one side of the gear are converted to equivalent inertias and stiffnesses 
with respect to the other part of the system. The method of conversion is 
established as follows: Since all parts .of the system vibrate with the same 
frequency, and inertias have the dimensions of (stiffness/w?), the conversion rule 
for inertias and shaft stiffnesses will be the same as that for dynamic stiffnesses. 
From (4.6), Zp=n°Zg, and the inertia of the wheel in Fig. 5b referred to the 
engine-shaft is 1.5 x0.4°=0.24; similarly the stiffness of the propeller shaft 
similarly referred is 0.2 x 0.47=0.032. The system can therefore be reduced as 
shown in Fig. 5c; the gears are replaced by a single inertia 0.74=0.5 +0.24, and 
the shaft S has a stiffness value 0.032. Table III shows the modification to 
Table Il, commencing at the fourth line. The dynamic stiffness at R’ referred 
the engine shaft is 0.0339, and referred to the propeller shaft Z,=Z,'/o.4° 
=0.2117 as before. It must be noted that the entries in the x-column must be 
multiplied by 0.4 in order to obtain the true amplitudes at the wheel and at R. 


TaBLeE III. 
MopiFicaTion To TaBLE IL ror REDUCED SysTEM. 
Jw? Jw?x K d 
0.74 1.48 — 123 — 182.04 — 71.04 0.032 — 2220 
— 2097 
= —( —71.04)/2197 =0.0339 


Zp =0.0339/0.47 =0.2117 


Note. 


It will be evident from numerical work that a system, of the type considered 
in this analysis, having n degrees of vibrational freedom (i.e., which, when 
reduced to a single reference shaft, has n+1 inertias joined by n shafts) has its 
dynamic stiffness zero for n distinct frequencies, so that the system has » 
distinct natural frequencies. This fact is normally demonstrated, with mathe- 
matical rigour, by a consideration of the determinant formed from Langrangian 
equations of motion; a simple proof is easily derived, however, by means of the 
concept of dynamic stiffness, and this proof is given below in the Appendix. 


($6) TorsionaL DyNamic STIFFNESS OF PROPELLERS. 

The torsional dynamic stiffness of a propeller is best obtained experimentally 
as described in part (a) of this section. There are methods of calculating the 
function, but such a procedure is tedious and complicated, although the results 
are in surprisingly good agreement with those of practical tests. Owing to the 
stiffening effect of centrifugal force an allowance for rotation must in any case 
be made; details of the method by which this is done are available to manufac- 
turers and other org@misations concerned with the problem. 

The shape of the dynamic stiffness curve for a propeller is also complicated 
by the fact that the blades are capable of vibrating both in the plane of rotation 
and normal to this plane, and that these two motions are coupled through the 
twist in the blades and also through the pitch setting. If there were no twist 
in the blades, so that the major axes of all blade sections made the same angle 
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with the plane of rotation, a sinusoidal torque imposed at the hub would excite 
flatwise and edgewise vibrations whose relative amplitudes could bé calculated 
by resolving the torque into flatwise and edgewise bending moments. Owing 
to the twist, however, the terms ** flatwise ’’ and ‘* edgewise ’’ lose their meaning. 
Possible resonant conditions are best predicted by obtaining the dynamic stiffness 
curves for the non-rotating propeller by experimental means and then correcting 
for centrifugal force by calculation; a strain-gauge test of the propeller when 
operating on the engine continues to be the only satisfactory means of determining 
blade stresses. 


V. INertIAs; SIMPLE TypicaL Systems. 

Suppose that the effective inertia of a system at a point P is J, for a frequency 
F. Ifa system whose effective inertia at this frequency is —J, be attached at P, 
the total effective inertia at P is then zero, so that F' is a natural frequency of 
the combined system. The auxiliary attached system is termed a ‘ tuning 
system,’’ and the inertia —J, is called the ‘‘ tuning inertia *’ of the original 
system for the frequency F. Thus if it is desired to tune a system to have 
F as a natural frequency it is only necessary to determine at this frequency the 
effective inertia J, at any point P, and to attach at P a tuning system whose 
effective inertia at P for the frequency F is —J,. Denoting the tuning inertia 
by J,, there is the relation 


(0) (d) 


Fia. 6. 


It is to be noted that if the effective inertia of the main system is negative, 
so that the tuning inertia is positive, tuning can be effected by the rigid attach- 
ment of a single inertia. Thus, if it is desired to operate the engine in Fig. 5) 


for a workshop test with 13,500 C.P.M. as a natural frequency, a flywheel should | 


be rigidly attached at FR whose inertia is 0.1059 Ibs. ins. secs.*, since this is the 
tuning inertia corresponding to a dynamic stiffness value 0.2117 Ibs. ins./radian, 
from equations (1.3) and (5.1). If, on the other hand, the effective inertia is 
positive, so that the tuning inertia is negative, it is not possible to tune the 
system by the rigid attachment of a single flywheel, and some other tuning 
system must be used. The dynamic stiffness at one end of a light shaft, the 
other end of which is Constrained to have zero torsional @isplacement, is simply 
the static stiffness, so that the effective inertia is negative by reason of (1.3). 
Thus it might be possible to make use, of some variety-of torsional spring, but 
it is doubtful whether the suggestion has any practical importance, since it 1s 
usually necessary for torsional systems to be capable of steady rotation. The 
more usual method employed is the attachment of a shaft driving an inertia. 
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The effective inertias of various simple tuning systems are given in Table IV, 
the systems being illustrated in Fig. 6. The last two columns in the table give 
the frequency ranges for which the effective inertias are positive and negative 
respectively ; in these ranges the systems can be used to tune main systems 
having negative and positive effective inertias respectively. 


Taste IV. 
TuninG RANGES FOR SIMPLE TUNING SYSTEMS. 


Frequency Ranges. 


e>o 
System (to tune main svstem in (to tune main system 
(see Fig. 6) Te which J, <0). which J, > 0). 
a —K/u? — all 
b J all — 
K (J, +d.) -J,J,u? { w? << K/J, and K/J,<w? 
K-J,u? w? > K (J, +d) <K(J,+J,)/J J. 


Type (c) requires some comment. Let w,?=A J, and further let X=w wy, 
=(frequency of vibration)/(natural frequency of tuning system). Then the 
expression for J, can be put in the form 

The form of the curve of J, plotted against X is as shown in Fix: 7. Any negative 

value of J, can be obtained, but only those positive values greater than J are 
availavle. 


| 
Pia. 7. 


‘A very complete account of the theory and practice of tuning torsional systems 
is given by Ker Wilson (reference 7). 
VI. Some Appiications oF THE METHOD. 


Some applications of the effective inertia method of analysis are discussed 
briefly in this section. 


(a) ArrcRAFT PowErR-PLant Dynamic ABSORBERS. 


The dynamic stiffnéss of the propeller with reference to the hub can be deter- 
mined experimentally as described in section IVa, and the dynamic stiffness of 
the engine can be calculated by any of the.methods of section LV h, _ ae 
effects of centrifugal force can be aliowed fer: by: calculation... > 

Torsional resonant frequencies are obtained by the method o! intersections 
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(b) Errect oF PROPELLER PITCH ANGLE, 

The effects of varying the pitch setting of propeller blades can be determined 
quantitatively by numerical methods ; qualitative results are more easily obtained, 
however, from consideration of an idealised propeller having prismatic blades of 
rectangular cross-section. An analytic expression can then be obtained for the 
torsional dynamic stiffness of the blades at the hub, and this expression can be 
represented by graphs drawn for different pitch-settings. 


(c) PENpuLUM-TypE ABSORBERS. 

The effective inertia of a pendulum-type torsional vibration absorber can be 
determined mathematically. Zdanowitch and Wilson (reference 8) give expres- 
sions for the effective inertia of the most commonly used types of absorber, 
including the types most favoured by aero-engine designers, and Ker Wilson 
(reference 9) gives a full description of the methods of application. 

Most authorities are now agreed that the concept ‘of effective inertia provides 
the best method of dealing with absorber problems. The torsional vibration 
characteristics of a system including pendulum absorbers are easily derived from 
the frequency tabulation (section IVb, iii) extended so as to allow for the effective 
inertia of the absorbers at their respective crank-throws. 


(d) CoupLine or TorstonaL anp AxiAL Mopes Dvr To HELICAL GEARING. 
A. good example of the way in which the method of dynamic stiffness can 
eliminate much work in analysis is afforded by the solution to the following 


problem :— 


B 9A y, 
ak; on on B 
X, }% 
Xs 
FonwC 
Fon B 
8. 
In Fig. 8, A is a turbine, driving one half of a hydraulic coupling C via the 


helical gear- pinion B and the gear-wheel machined on the coupling C; it is required 
to find the natural frequencies of the system. 
The following assumptions are made :-— 
(i) The gears are without backlash ; 
(ii) Torsional stiffness is confined to the shaft between turbine and pinion ; 
(iii) There is no axial restraint at the turbine thrust-bearing (a reasonable 
he assunmption for small dispia acemenis taken up by bearing clearances) ; 


(iv) The flexibility of the iol thrust-bearing provides spring control of 
> D Pp p 
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With the notation :— 
Polar Displacements. 
Part. Mass. Inertia. Axial. Torsional. Radius. 
Turbine A m, J, 2, 
Pinion B mM, J. 
Wheel C m, J 2, Y, R 


K =torsional stiffness of shaft AB, 
k, =axial stiffness of shaft AB, 
k, =axial stiffness at wheel C, 
w=phase-velocity of vibration, 
= helix-angle, 
F =gear-tooth reaction, 
Zy,=torsional dynamic stiffness of system AB referred to B, 
Zy3 =torsional dynamic stiffness of wheel C referred to C, 
Z,. = axial dynamic stiffness of system AB referred to B, 
Z,, =axial dynamic stiffness of wheel C referred to C, 
the geometric condition is 
and 
—Frcos2=Z,.Y. 6 
F sin 2=Z,.2, 
—F sinz=Z,,7, 
Substitution for x and Y from the last four equations of (6.1) in the first equation 
gives 
(1/Z,.+1/Z,,) sin? 2+ (r?/Z,, + cos? 
Expressing the dynamic stiffnesses in terms of the constants of the systems this 
last equation gives :—- 


—k, w* 
Lk, (m,+m,)—m,m,w? k,—m,u* 
r? (J,w? — K) 


In order to derive the frequency equation (6.2) by normal mathematical methods 
from the force and torque equations of the system it is necessary to reduce a 
seventh order determinant in z,, 2, 7,, Y,, Y,, Y,;, F. The saving in labour 
effected by the use of the dynamic stiffness method will be appreciated by anyone 
who has had occasion to manipulate high-order determinantal equations with 
literal elements. 

If the various phase-velocities associated with the natural frequencies of the 
system are as follows :— 

wy for torsional motion when z=0, 

w, for torsional motion of turbine/pinion system when 2=90°, 

Way, Wy, for axial motion when 

U'ayy Wag for axial motion of turbine/pinion system and of wheel when z=0, 
then (6.2) can be put in the convenient form :— 

(1/m,+1/mg,) — w?) — w?) (wy? — w?) sin? 
+ (1? /J,+R?/J) (Way? — w?) (Way? — w?) (wy? w*) cos? 2=0 (6.3) 

from which it is easy to deduce special cases of interest. 


(e) BRANCHED ”’ SysTEMs. 


The ‘‘ branched ”’ type of torsional system, such as is found in modern in-line 
aero-engines with twin crankshafts, can be treated adequately by the transference 
method. . The characteristics of various parts of the system are easily determined 
by any of the calculation methods, and use of the transference formule enables 
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the dynamic stiffness at any point of the complete system to be found. It does 
not seem necessary or desirable to give any example of this application. 


CONCLUSIONS. 

The concepts of effective inertia and dynamic stiffness, the application of which 
enables the vibration characteristics of torsional systems to be investigated both 
numerically and analytically, are among the most important of modern develop- 
ments in vibration theory. Certainly the methods of study based on_ these 
concepts have been adopted as ** routine ’’ methods by engine and propeller manu- 
facturers in this country, and in other applications neat and comparatively trouble- 
free solutions can be formulated by these means. 

The choice between effective inertia and dynamic stiffness for a basis of 
analysis must depend upon the particular characteristics of the problem under 
consideration. In certain cases it may be convenient to use both quantities ; 
for example, in the determination of the resonant frequencies in aircraft power 
plants equipped with pendulum-type absorbers, the effective inertias of the 
absorbers are utilised in the frequency tabulation to obtain the dynamic stiffness 
of the engine. 

Linear (spring-plus-mass) and torsional systems are readily treated by these 
methods; an extension of the theory to cover fully the bending of beams in an 
equally simple manner would be very welcome. 


APPENDIX. 


. 


A PROOF OF THE THEOREM THAT A ** STRAIGHT CHAIN ’’ TORSIONAL SYSTEM WITH 1 
INERTIAS CONNECTED BY i—I SHAFTS HAS N—I DISTINCT NATURAL FREQUENCIES. 


By a‘ straight chain "’ system is meant a system such as that of Fig. 3a or 
Fig. 5c, in which inertias and shafts alternate in a chain. Let the dynamic 
stitfnesses of the systems to the right of two points which are themselves imme- 
diately to the left of the nth and (m+ 1)th inertias be Z,, Z,,, as shown in Fig. 9. 
The transference formule (4.2) and (4.3) give 


(K,+Z,) 
where for convenience p has been written for (2+1). Now Z,=-—J,w?, and 
hence when w*=o, (Z,),=0; similarly, when But from 
(A.1), (Z,),=0 if (Z,),=0, and hence by induction 
Similarly (Z,). = —~ if (Z,). —A,; and by induction 
(Z,)5= —& : : (A. 3) 
Furthermore, let )),,=d,d (w*)(Z,), then (A.1) gives 
so that if D, is negative so also is D,. But D, is negative, hence 


Finally, it 
and if 


Z,= —(K,+0), Z,=xX, 
so that if Z,=—A, for N distinct values of w, Z, has N infinite discontinuities. 
Thus from (A.2, 3, 4), if Z, has N full negative ranges (i.e., if there are N 
distinct values of w which give Z, any specified negative value) then Z, has N +1 
full negative ranges; but Z, has one full negative range, and hence Z, has n 
full negative ranges and n—1 infinite discontinuities; there are therefore n—1 
finite (i.¢., non-zero) values of w for which Z,, is zero. 
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It has thus been established that a straight chain torsional system with 
inertias connected by n—1 shafts has n—1 distinct natural frequencies. 


ACKNOWLEDGMENTS AND BIBLIOGRAPHY. 

The author is indebted to the de Havilland Aircraft Company for permission 
to publish this paper, and wishes to thank Miss M. K. B. Harwood and Miss 
J. A. R. Howlett for their help in the preparation of the manuscript. 


REFERENCES. 


(The initials ‘‘ F.V.S.’’ refer to the author’s textbook: ‘‘ Fundamentals of Vibration Study,”’ 
Chapman & Hall.) 


1. Author. ‘‘ Mechanical Impedance of Damped Vibrating Systems,’’ Journal of the 
Royal Aeronautical Society, November, 1941. 

2. 

3. B.C. Carter. ‘‘ Harmonic Torque Exciters,’’ Aircraft Engineering, August, 1939. 

4. F.V.S., p. 54 

5. F.V.S., p. 56 

6: 72. 

7. Ker Wilson. ‘‘ Practical Solution of Torsional Vibration Problems,’’ Champan & Hall. 

8. R. W. Zdanowitch and T. S. Wilson. ‘‘ Elements of Pendulum Dampers,”’ Proceedings 
of the Institution of Mechanical Engineers, June, 1940. 

9. Ker Wilson. Op. cit. ° 

10. M. A. Biot. ‘‘ Coupled Oscillations of Aircraft Engine Propeller Systems,’’ Journal of 
the Aeronautical Sciences, July, 1940. 

11. Author. ‘‘ The Electro-Mechanical Analogy in Oscillation Theory,’’ Journal of the 
Royal Aeronautical Society, January, 1943. 

12. Ker Wilson. Op. cit. 


| 
| | 
= 
3) | 
4) 
N | 
n 


‘“ THE ELECTRO-MECHANICAL ANALOGY IN OSCILLATION 
THEORY.” 
By R. G. Man ey (Student Member). 


INTRODUCTION. 


It has long been realised that there is a precise analogy between the properties 
of vibrating mechanical systems and those of alternating current electric circuits. 
It was from this analogy that the concept of ‘‘ mechanical impedance ’’ (more 
appropriately termed ‘* dynamic stiffness ’’) was derived, thus enabling the theory 
of certain types of mechanical vibration, notably torsional motion, to be put on 
a more rational basis (see references 1 and 2). 

By means of analogous elements it is possible to represent a mechanical 
vibrating system, provided it includes no bending elements, by an equivalent 
electric circuit. The author has been unable to discover any full description of the 
process, and the object of the present paper is to set out the principles underlying 
the procedure and to illustrate them briefly by examples. 


1. AnaLocous ELEMENTS. 
(i) InErTIA—INDUCTANCE. 
The acceleration 7 produced in a mass by the application of a force p in the 

direction of xz is given by 

p=mr : : : (1a) 
and in the torsional’ case the angular acceleration Y produced in an inertia J by 
the action of a torque T is given by 

T=JY . ‘ (1b) 
The electrical equivalent to force is e.m.f., and the quantity analogous to mass 
or inertia will be that quantity which, when multiplied by the second time- 
differential of some other quantity, gives an e.m.f. Inductance has the units 
of e.m.f. divided by the rate of change of current, and current itself is the rate 
of change of electrical quantity (q); in fact, the quantity q of electricity flowing 
through an inductance L is related to the potential difference e across the 
inductance by the equation 

e=Lq (1c) 
Thus if e.m.f. is taken to be analogous to force, and electric quantity (q) to linear 
displacement, inductance is analogous to mass; while in the torsional case 
inductance is analogous to inertia. 


(i) 
The displacement 2 between the ends of a spring of flexibility f is related to 
the force p transmitted by the spring by the equation 
p=2/f (2a) 
and if torsional flexibility is represented by F, the equivalent expression for 
torsional loading is 


T=V/F . ; (2b) 
In order to obtain a consistent analogy, the electrical property analogous to 
flexibility must have the dimensions of electrical quantity divided by e.m.f.; this 
requirement is filled by capacity (C):— 
22 
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(ili) DAMpING—RESISTANCE. 
The relative velocity < between the ends of a ‘* dashpot,’’ whose damping 
coefficient is b (see reterence 3), produced by a transmitted force p is given by 


while if the torsional damping coefficient is B the equivalent expression for torque 
is 


Since current is the rate of change, or time-differential, of electrical quantity, 
the electric property analogous to damping must have the dimensions of e.m.f. 
divided by current, i.e., resistance (R):— 


where i is the current. 
The analogous quantities are set forth in the table. 


TABLE OF ANALOGOUS QUANTITIES. 


Mechanical. 

Linear. Torsional. Electrical. 
displacement 2 displacement Y quantity q 
velocity & velocity Y current J 
force p torque e.m.f. 
mass m inertia J inductance 
flexibility f flexibility F capacity C 
damping coeff. b damping coeff. B resistance I 


II. ConvERSION OF SySTEMS—PRINCIPLES. 


Springs and dashpots have, in general, two associated displacements, namely, 
the displacement at each end, and the force transmitted by them is proportional 
to the difference between these two displacements in the case of springs, and to 
the rate of change of this difference in the case of dashpots. Translating into 
the equivalent electrical terms, capacities and resistances have, in general, two 
currents flowing through them in opposite directions, so that the potential 
difference across a capacity is proportional to the time-integral of the difference 
between the two currents, while the potential difference across a resistance is 
proportional to this difference. The capacities and resistances which represent 
springs and dashpots must therefore, in general, be included in two circuits ; 
but since a mass or inertia has only one displacement, the inductance representing 
it is included in only one circuit. These points are illustrated in Fig. 1. 
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If one end of a spring or dashpot is fixed, one of the associated electric circuits 
becomes open and can be omitted (see Fig. 2). 

A spring-dashpot parallel assembly such as that shown in Fig. 3a is represented 
by a series assembly of capacity and resistance, as shown in Fig. 3b, since the 
capacity and resistance must carry the same current (the displacements of the 
spring and dashpot being necessarily equal). Similarly, if a force is applied to a 
mass (Fig. 4a) the electrical equivalent is as shown in Fig. 4b. 


FiG. 3. Fic. 4. 


It is perhaps unfortunate that the same symbol is used in diagrams to represent 
springs and resistances, which are not analogous elements ; but with due attention 
to the rest of the system there should be no confusion. 


IIL. Conversion oF SySTEMS—EXAMPLES. 

The single-mass damped system shown in Fig. 5 is equivalent to a combination 
of the circuits of Fig. 3, in which (,=o0, and Fig. 4. Regarded in another way, 
the electric elements representing the mass, spring, dashpot and applied force 
must all be in series, so that they carry the same current, for the mechanical 
elements all have the same displacement, and hence the same velocity. 


R 

FIG. 5 

Fic. 6. 


The system shown in Fig. 6 (the simple linear seismic vibrograph) incorporates 
two displaceme: ts as shown. The electrical circuit is most readily built-up in 
stages: (i) The input stage consisting of the e.m.f. ‘* ¢ ’’ with a dummy circuit 
carrying a current 7,; (ii) the coupling stage, consisting of a capacity and 
resistance series-connected and carrying two currents 7, and 7, in opposite direc- 
tions ; and (iii) the load stage, which consists of an inductance carrying a current 
i, The manner in which the partial circuits are combined to form the complete 
circuit is easily seen from the diagram. 
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A variation of this system is depicted in Fig. 7, the main mass (1) being 
connected to the moving top support both by the spring (2) and by the dashpot- 
mass-spring chain (3, 4, 5)- 


(a) 


(0) 


Fia. 8. 


Some further examples of equivalent circuits are given in Figs. 8 and 9. In 
Fig. 9 transformers are introduced as the analogues of torsional gear-steps, but 
it must be noted that the analogy is not quite precise; the ratio of the torques in 
the two shafts connected to the gears is dependent on the gear-ratio, not on the 
ratio of the inertias of the gears, as the electric circuit would seem to suggest. 
So long as the gear inertias are small compared with the other inertias in the 
system, however, there will be little quantitative error. 

The system.in Fig. gd represents the case of torsional vibration excited by the 
propeller in an engine/propeller system (it is assumed that the propeller is effec- 
tively a rigid flywheel ; this assumption is not justified in practice, but for moderate 
frequencies the condition is approached in the case of wooden propellers). 
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AIRCRAFT Rapto. 


By D. Hay Surgeoner. (2nd Ed.) Sir Isaac Pitman and Sons. 1942. 15/-- 

In the four years that have elapsed since this book was first published consider- 
able progress has been made, especially in night flying equipment and landing 
approach installations, and the chapters dealing with these subjects have been 
revised accordingly. The information in Chapter V has been made much clearer 
by the addition of appropriate sub-titles, and now includes the series of diagrams 
upon the Radio Compass and its uses which was formerly included in Chapter VII. 
The notes on automatic radio control of aircraft have been entirely rewritten. 
The next chapter now contains some useful notes on the Beam Approach and 
use of the Glide Path when landing, with a diagram illustrating the general 
layout of the Beam Approach ground equipment. The chapter on Aircraft 
Equipment and its Operation has been very largely rewritten and has been 
improved by rearrangement. Under *‘ Airport Equipment ** we note that what 
was formerly known as the Lorenz system is now described as the ‘* Standard ”’ 
Beam Approach System. The final chapter, dealing with Airport and Airway 
Lighting, is substantially unaltered. 


Air NAVIGATION. 
By E. R. Hamilton. Thos. Nelson and Sons. 1tg42. 5)-. 

By the nature of the subject, books on Air Navigation must be as alike as 
peas in a pod, since there are a limited number of basic problems and certain 
standard methods of dealing with them. On close inspection, however, some 
peas have maggots in them and others have not. We can recommend this 
particular pea as thoroughly sound. The author has been teaching Navigation 
since the last war and approaches the subject in a practical spirit. An excellent 
idea is the provision of a separate practice chart, in a pocket on the back cover, 
replacement copies of which can be bought when needed. The hints given on 
plotting (pp. 83-85) are very useful and should go a long way towards helping 
the student to turn out neat and shipshape work. In most books of this type 
the hypnotic effect of the 2nd Class Navigator’s examination syllabus leads to the 
forcible insertion of some perfunctory notes on Meteorology. Mr. Hamilton has 
escaped this pitfall and has used the space saved by this omission to devote two 
final chapters to the elements of Astro-navigation and Radio-navigation. Exercises 
are given at frequent intervals, with answers at the end of the book. The standard 
is slightly higher than that required for the A.T.C., but the style is so clear that 
even a complete beginner could work through the book without being mystified. 


Victory THROUGH AIR POWER. 
Major Alexander Seversky. Hutchinson and Co. Ptd. 1942. 9/6 net. 
This is a book to be read by (1) all those who go to sea in ships (2) all those 
who are concerned with fighting on the land (3) the ordinary man in the street, 
and (4) all those in aviation, and in that order. — It will do the first two a lot 
of good, exasperate them, and it is hoped encourage them to believe that any 
naval or military operation is at least more likely to succeed with air support 
than without it. The ordinary man in the street will want less convincing and all 
those in aviation have preached yesterday, are preaching to-day, and will continue 
to preach to-morrow exactly what Major Seversky states in this book at length. 
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Major Seversky has had a long experience in aviation and has become well 
aware of the power which aviation can wield. His book is written from the 
American point of view, is written with the propagandist point of view of demand- 
ing’ a separate Air Force in the U.S.A. But this is by the way. — He is only 
trying to do for America what has been done in this country, the provision of a 
separate air force which is governed by those who think in air terms, and not in 
terms of naval and military strategy. 

His very first sentence is a challenge and is the thesis of his book. ‘‘ The most 
significant single fact about the war now in progress is the emergence of aviation 
as the paramount and decisive factor in war-making.”’ 

The whole book, indeed, is a challenge to all those who have not become acutely 
aware that the stone age, the bronze age and the iron age have gone for ever, 
that henceforward the people of the earth must look upwards for their salvation. 

Here is chapter and verse of the power of the air. Because that power is still 
being used inefficiently there are still people who can point to the mistakes and 
say that sea power is vital for the Allied Nations, that large navies are necessary 
to win us the war. How many lives there are yet to be lost due to such thinking 
one dreads to think about. 

Many of Major Seversky’s arguments and conclusions are based on the wrong 
premises, but most of his conclusions are right. This is a book to be read and 
argued about, for it is worth both. 


Wuat’s THE GEN ? 

By H. W. J. Crowther, Ltd. 1942. 1/3 net. 
SsH! GREMLINs. 

By H. W. J. Crowther, Ltd. 1942. 2/- net. 

Two small books for amusement only, and two small books which will amuse. 

What’s the Gen ? is an illustrated list of R.A.F. slang, and here will be found 
most of these terms which are peculiar to squadrons all over the world, words 
which are slang to-day but many of which will be in the Oxford Dictionary in a 
few years time as part of the language of the nation. The illustrations by Stacey 
add to the amusement. 

Gremlins are to be seen to be believed and Neb’s illustrations make one 
wonder under what conditions they are seen. The author says Gremlins like to 
be taken seriously, so the author had better be careful. By the way the author 
of both these books is the same man who wrote that delightful book ‘* Air Over 
Eden.”’ 


PILots OF FIGHTER COMMAND. 
Sixty-four portraits by Captain Cuthbert Orde, with a foreword by Air 
Chief Marshal Sir Sholto Douglas, K.C.B., M.C., D.F.C., and an introduc- 
tion by Air Vice-Marshal J. C. Slessor, C.B., D.S.O., M.C. G. Harrap 
and Co., Ltd. 1942. 25/- net. 

Air Vice-Marshal Slessor, in his introduction, says: ‘‘ If it be true, as it 
obviously must be, that an intimate knowledge and a close insight into the 
character of the sitter are an enormous advantage to an artist, then both Fighter 
Command and Captain Orde are fortunate."’ 

And it will be a fortunate recipient who is given this book. Captain Orde 
spent the best part of a year on almost every operational station of the Command 
and the results must be a lasting memento. 

Captain Orde adds to his great talents as an artist a gift for writing which 
he has put to good use in his own introduction and description of the fighters 
he has portrayed. A book to buy, to keep, and to enjoy. 
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You cannot write history before it happens. 
Few, for ple, would to enter into 
their diary the date and hour of victory. 


Air In aviation, the only thing we know with certaint 
uc- about the future is that there will be, inevitably, tre- 
mendous and far-reaching developments in civil 


rap flying. A vast air-minded public, their former pre- ; 
judices swept away, will be eager to travel by air. 

2 Wings are indeed the wheels of tomorrow and, 

although details of shape, speed and design are hidden 

the from us, General Aircraft Limited, with their wide 

hter ‘xperience and research into the simplification of 
flying, are well equipped to play their part in fashion- 
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